ABSTRACT: The complex frequency-dependent polarizability and π → π* excitation energy of azobenzene compounds are investigated by a combined charge-transfer and point-dipole interaction (CT/PDI) model. To parametrize the model, we adopted timedependent density functional theory (TDDFT) calculations of the frequency-dependent polarizability extended with excited-state lifetimes to include also its imaginary part. The results of the CT/PDI model are compared with the TDDFT calculations and experimental data demonstrating that the CT/PDI model is fully capable to reproduce the static polarizability as well as the π → π* excitation energy for these compounds. In particular, azobenzene molecules with different functional groups in the para-position have been included serving as a severe test of the model. The π → π* excitation is to a large extent localized to the azo bond, and substituting with electron-donating or electron-attracting groups on the phenyl rings results in charge-transfer effects and a shift in the excitation energy giving rise to azobenzene compounds with a range of different colors. In the CT/PDI model, the π → π* excitation in azobenzenes is manifested as drastically increasing atomic induced dipole moments in the azo group as well as in the adjacent carbon atoms, whereas the shifts in the excitation energies are due to chargetransfer effects.
I. INTRODUCTION
The most important characteristic of azo compounds is as color dyes. 1−4 Due to the importance of azo compounds in nonlinear optical materials, photophysical characteristics of azo compounds have also been studied extensively, 5−14 and the suitable laser wavelengths to obtain a trans to cis isomerization in azobenzene dyes have been studied theoretically. 10,11,15−17 The isomerization occurs by either n → π* or π → π* transitions where n, π, and π* denote the highest occupied lone-pair orbital, the highest occupied π orbital, and the lowest unoccupied π orbital, respectively. 18−20 The intensity of the n → π* transition is however small due to symmetry reasons and therefore the π → π* excitation is the most important. 18 The excitation energy of π → π* transitions can be reduced by electron-donating and/or electron-accepting substituents in the azobenzene molecule 11, 21, 22 or by replacing one of the phenyl rings by for example a thiazole unit. 23, 24 The frequency-dependent molecular polarizability is a measure of the response to a time-dependent electric field which is fundamental in the construction of electrical and optical devices by means of molecules. 25, 26 The molecular polarizability is often investigated by time-dependent density functional theory (TDDFT). 27−30 The polarizability greatly enhances near resonance frequencies 31 and the maximum values of the imaginary part of the polarizability as a function of frequency are related to the excitation energies and the UV/vis absorption spectrum. The excitation energies can therefore be calculated by two different approaches: by response theory analyzing the poles of the frequency-dependent polarizability 32 and by the frequency-dependent polarizability with an imaginary term describing the lifetime of the excited state. 33, 34 Force-fields represent an alternative method for larger molecular systems to obtain the system response properties such as the polarizability. 35 In this work, we adopt a force-field model, 36 which consists of a combination of a nonmetallic charge-transfer/point-dipole interaction (CT/PDI) model 37 and a model for the frequency-dependent polarizability. 38 In the electronegativity equalization model (EEM), 39, 40 an atomic electronegativity and an atomic chemical hardness, which are regarded as atom-type parameters, describe the charge flow between atoms. The atomic charges are redistributed so that the electronegativity (chemical potential for electrons) is equal throughout the molecule. The reformulation of EEM by the atom−atom charge transfer (AACT) method 41 gives the energy in terms of charge-transfer variables, and it was used to modify the model by adding an extra energy term for the polarizability to scale correctly with the size of a nonmetallic system. 37 It has been noted for a long time that the EEM is in principle a metallic model, 41, 42 for example a water model has been constructed where chargetransfer between the water molecules is not allowed by adding extra constraints. 40, 43 Modifications to the EEM have been suggested to resolve this problem, 37,41,44−51 and the modified models have also been connected to DFT. 52−55 In the point-dipole interaction (PDI) model, 56−60 the molecular polarizability is obtained by solving a set of coupled linear equations for a system of atomic polarizabilites. The coupling occurs due to the interaction of atomic induced dipole moments in an external electric field, and the atomic polarizabilites are considered as atom-type parameters in this model. The PDI model has been employed extensively for the calculations of polarizabilities of large systems, 61−63 and it has been extended to other response properties like hyperpolarizabilities, 35 ,64−70 optical rotation, 71−74 and Raman intensities. 75, 76 The PDI model has been combined with the EEM 77−82 and also with a similar capacitance model. 42,83−86 In the combined charge-transfer and PDI model employed in this work, 36 ,37 a Gaussian distribution is adopted for each atom instead of a point-charge. 87, 88 The methodology has been extended to the frequency-dependent polarizbility, 38 and the combined method has been successfully used to study the frequency-dependent polarizability of alkanes, polyenes, and aromatic systems 36 but did not include excitation energies and was thereby restricted to the frequency-dependence far away from absorption.
Using the CT/PDI model, 36 we calculate here the frequencydependent polarizability including the π → π* excitation energy of a set of trans-azobenzene molecules with different functional groups at the para-position. By studying a group of azobenzene molecules, we investigate in particular the sensitivity of the coupling between the charge-transfer and the point-dipole terms. The π → π* excitation in azobenzene is essentially localized to the azo-bond, but the excitation energy is sensitive to the addition of functional groups in the phenyl rings. 10, 11, 21, 22, 89, 90 The functional groups are either electrondonating or electron-withdrawing causing electron transfer to or from the azo group inducing a shift in excitation energy. As found here, it is the atomic dipole term in the azo group (and the adjacent carbon atoms) that becomes large at absorption, but their frequency-dependence is adjusted by charge-transfer from the functional groups through the phenyl rings. Azobenzenes with various substitutions are thus a sensitive and supposedly challenging test for a force-field model to describe molecular electronic excitations. We have used the TDDFT 27−30 method to compute reference data for the frequency-dependent polarizability, and we parametrize our model using the obtained DFT reference data and finally compare the results of our model to DFT and experimental results.
The paper is organized as follows. In section II, we discuss the model employed to study the azo compounds. In section III, we present the parametrization method along with the obtained parameters. In section IV, the results are analyzed and compared with DFT and experiments. Finally in section V, we summarize our results and give concluding remarks.
II. THEORETICAL MODEL
The CT/PDI model is presented in detail in ref 36 , and here we only summarize the model. In the CT/PDI model, the frequency-dependent polarizability is obtained by a combination of a nonmetallic electronegativity equalization and a pointdipole interaction model. 36−38 In the time-dependent chargedipole model, 38 each atom is associated with a time-dependent charge q I (t) and a time-dependent dipole moment μ I (t). The atomic charges q I (t) can be recast by means of charge-transfer variables q IK (t) so that in a system containing N particles
The Lagrange equations including the kinetic energies for q IK (t) and μ I (t) as well as the potential energy provide a set of coupled linear equations. Finally, the frequency-dependent polarizability is calculated using the solutions to these linear response equations, which provides the corresponding frequency-dependent atomic properties q IK (ω) and μ I (ω). 36 The Lagrangian, L, of the system can be expressed by
where K q and K μ are the kinetic energies of atomic charges and atomic dipole moments, respectively, whereas V is a potential energy. The kinetic energy K q associated with the oscillations of charges is in our model given by
in which R IK is the bond distance between atoms I and K, and qİ K is the time-derivative of q IK . Here c I q * and c K q * are atom-type parameters. The kinetic energy K μ of the oscillating atomic dipole moments is analogously given as
where μ̇I is the time derivative of μ I , and c I μ * is an additional atom-type parameter. The potential energy in eq 2 contains three terms
where Vis the charge−charge interaction, V qμ is the chargedipole interaction and V μμ is the dipole−dipole interaction energy. The charge−charge term is 78, 79 ∑ ∑ 
where χ I * and η I * are atom-type parameters which introduce the atomic electronegativity and atomic chemical hardness, respectively, whereas φ I ext is the external electrostatic potential at atom I. In classical electrostatics T IJ (0) = 1/R IJ where R IJ is the distance between atoms I and J. Hence, q I T IJ (0) q J is the Coulomb interaction. In the CT/PDI model, Vis rewritten in terms of charge-transfer variables in eq 1 as
where
Several modifications to T IK,JM
are utilized. Smeared-charge approaches were addressed to consider atomic charge distributions instead of point-charges. 91−95 In this work, a Gaussian distribution ρ I (r i ) is used for each atom 87, 88 
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While the error function has been employed in charge−dipole models, 78−82 an approximation of this function is considered in our work 88 ,96
which has the same limiting behavior at R IJ → 0 and R IJ → ∞ as
While the charge−dipole interaction tensor, T̃I J,α (1) , and the dipole−dipole interaction tensor, T̃I J,αβ (2) , have been approximated as the first and second derivatives of T̃I J (0) with respect to R̃I J , 88 T̃I J,α (1) , and T̃I J,αβ (2) are in this work obtained by the derivatives of T̃I J (0) with respect to R IJ as discussed in our recent work
, 
, , , 5 3 (13) in which δ αβ is the Kronecker delta function, the subscripts, α and β, denote one of the Cartesian coordinates, x, y or z, and the Einstein summation convention is used for repeated
tensor in eq 13 is not traceless, and for including quadrupole moments in the model normally a traceless formalism should be considered.
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For the polarizability to scale properly with the size of the system both for metallic and nonmetallic systems, we make two approximations to eq 8. First, eq 8 is in the three-particle case given as
where the chemical hardness, η I * is modified as
where g I,KM is a function of the two distances, R IK and R IM , describing a resistance for charge flow in the molecule, modeled as
where g 0,I * and g 1,I * are atom-type parameters and H I,KM is a smooth step function
in which C I,KM = (C I *)
where C I * and R I * are atom-type parameters. In eq 15, S IK is
where a IK is given in eq 11. Second, we modify eq 8 for a large separation between two particles, by regarding K = M and I = J. In this case,
becomes η I * + η K * − 2T IK (0) and the modification of the chemical
If g I,KK = 1, eq 19 is a special case of eq 15. Equation 19 solves the two-particle problem, i.e., it penalizes the charge-transfer between two particles at infinite separation, whereas eq 15 addresses the "long-chain" problem, i.e., an energy cost is added for charge transport in an extended system. The charge-dipole interaction energy V qμ is rewritten in terms of charge-transfer variables as
, ,
, (20) where 
where α I,βα is the atomic polarizability and E I,α ext is the external electric field at atom I. Also, α I,βα is modified to include the chemical surroundings 36, 92 
)
where α I * and x I * are atom-type parameters which introduce the isotropy and the anisotropy of the atomic polarizability, respectively, and G I,βα reads
in which Γ I,βα is expressed by Here, R IJ,β R IJ,α /R IJ 2 results in the correct rotational properties of α I,βα and S IJ is given by eq 18.
The charge-transfer terms and the atomic dipole moments are assumed to oscillate with the same frequency, ω, as the external electric field, E J,α ext = Re(E J,α (ω) e iωt ), and electrostatic potential, φ IJ ext = Re(φ I,J (ω) e iωt ), so that q IK = Re(q IK (0) + q IK (ω) e iωt ) and μ I,α = Re(μ I,α (0) + μ I,α (ω) e iωt ), respectively. In matrix form, the linear response equations, including nonzero dissipation in the frequency-dependence, are written as 36 The Journal of Physical Chemistry A 
(1)
2 (25) where T̃( 0) , T̃( 1) and T̃( 2) are M × M, M × 3N, and 3N × 3N matrices where one element of them is defined by TS P,JM (0) , TS P,K,β
and TĨ K,αβ (2) , TĨ I,αβ
, respectively. The frequencydependent contribution is found by subtracting a diagonal matrix in eq 25.
38
μ is a 3N × 3N diagonal matrix and one element of the matrix is given by c K μ *(1 − iγ K μ */ω)δ IK δ αβ where the c J q * parameter appears in the kinetic energy in eq 3 whereas c K μ * appears in the kinetic energy in eq 4. The charge and dipole dissipation are taken into account by exchanging ω 2 with ω 2 −i(1/2)(γ I q * + γ K q *)ω and ω 2 − iγ I μ *ω in the diagonal matrix in which γ J q * and γ K μ * are dissipation parameters for charges and dipoles, respectively. 38 Hence, q and μ are M × 1 and 3N × 1 matrices with the elements given by q JM (ω) and μ K,β
, respectively. Likewise, on the right-hand side of eq 25, φ is an M × 1 matrix with the elements φ SP (ω) and E is a 3N × 1 matrix where one element of this matrix is expressed by E I,α (ω) . We note that M and N are the number of bonds and atoms, respectively.
For a homogeneous electric field, the applied perturbation reduces to E I,α (ω) = E α (ω) and φ SP (ω) = −(R S,α − R P,α )E α (ω) , respectively. The molecular polarizability α αβ (ω) is thus obtained from the derivative of eq 25 with respect to a homogeneous external electric field which is the actual linear set of equations solved in the model and is obtained as 
To obtain the polarizability tensor, the model has to be solved three times, for β = x, y, z.
III. CALCULATIONS AND PARAMETRIZATION
In this work, TDDFT is used to obtain the reference data for the parametrization of the model for a set of azobenzene compounds. The full complex polarizability tensor has been calculated and is included in the parametrization for the molecules listed in Table 1 although only isotropic polarizabilities are presented. The ADF software is used for the DFT computations.
98−100 The PBE 101 functional has been adopted. For the polarizability calculations, the ATZP 102,103 basis set is used and for the geometry optimizations, the TZP 102 basis set is employed, respectively. A value of γ = 0.004 hartree is used for the lifetime parameter, γ, in the calculations of the frequency-dependent polarizabilites. 104 A group of ten molecules is chosen as a training set (see the left side of Table 1 ), where the molecules contain the elements carbon, hydrogen, and nitrogen. A genetic algorithm is employed in the first parametrization step for obtaining reasonable values for the parameters, but they are regarded only as a good starting point for the parametrization. Next, a simplex algorithm is utilized to find a better set of parameters. The number of molecules to parametrize the model are gradually increased. The optimum parameters were obtained by minimizing the relative root-mean square deviation of the frequency-dependent polarizability tensor between the CT/ PDI and the DFT calculations. After performing parametrization on the training set, the model is validated for the molecules on the right side of Table 1 .
The atom-type parameters used in this work are the isotropic and anisotropic atomic polarizability parameters α* and x*, respectively, given in eq 22, the chemical hardness η* presented in eq 15, a width of a Gaussian charge distribution Φ*, which describes the damping of electrostatics and the overlap between charge distributions in eq 18. To model the nonmetallic behavior of the charge-transfer within a molecule, a three-atom resistance term, g I,KM is adopted including four atom-type parameters g 0 *, g 1 *, C*, and R*, given by eq 16. 36 Finally, four parameters are used to model the frequency-dependence. c q * and c μ * are interpreted as the inverse of the number of oscillating charges and included in the charge and the dipole kinetic energies in eqs 3 and 4, respectively, whereas γ q * and γ μ * describe the charge and dipole dissipation, respectively. The parameters obtained here and in our previous work 36 for C and H are given in Table 2 . There are several notable differences between the carbon and hydrogen parameters obtained in the two parametrizations. First, the Φ C * parameter has increased from 0.43 to 1.2, which corresponds to a narrower charge distribution. The opposite occurs for the Φ H * parameter decreasing from 1.02 to 0.46, giving the hydrogen atoms a broader charge distribution. The Φ* parameters have in our previous work 36, 37, 62, 63, 88 always been sensitive to details in the model and for an atom pair, e.g., C and H, the parameter values can be shifted between the two atom types without modifying a IJ in eq 11. Second, the η* parameters for both carbon and hydrogen have been assigned significantly higher values here, rendering charge-transfer more expensive. For hydrogen, the atomic polarizability α H * increases from 1.65 to 3.95 a.u. while the anisotropy parameter for the polarizability, x H * has increased from 0.32 to 0.48. However, also these two parameters are strongly coupled, and the effect by the new parameters is that the hydrogens are more polarizable in the direction of its chemical bond and almost not polarizable at all in the other directions. This is reasonable since the electron of the hydrogen is involved in a σ-bond. Also note that the x I * parameter has to be in the range 0−0.5, where 0 gives an isotropic polarizability and 0.5 gives the highest possible anisotropy. In addition, the c H q * parameter increases by a factor of 200, indicating that the parameter now has a larger weight in the parametrization. There are significant changes in the carbon and hydrogen parameters as compared to our previous calibration, 36 but it seems to be a common problem in fluctuating charge models.
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For the nitrogen parameters, two features are noted. First, the c N μ * parameter is approximately three times higher than both c C μ * and c H μ *. Therefore, there are less electronic charge participating in the point-dipole oscillations for nitrogen than for the other two elements. Second, the polarizability, α N *, has as expected a value in between that of hydrogen and carbon, in agreement with the experimental and theoretical investigations. 106 Generally speaking, the actual values of the parameters are not well established. Still the long-term goal is to establish a single set of atom-type parameters able to describe all systems, and if needed we will improve the physics of the model rather than providing different parameters for different types of molecular systems.
To demonstrate the accuracy of our parametrization, we compare the result of our model with DFT in Figure 1 for the static polarizability and the excitation wavelengths of the azo compounds listed in Table 1 , which shows in general a good agreement. The static polarizability of 4,4′-di(dimethylamino)-azobenzene, 4,4′-di(diethylamino)azobenzene, and 2,4,6-tricyano-4′-diethylaminoazobenzene show the largest deviations from the reference values, while the largest errors for the excitation wavelengths appear in 4-aminoazobenzene, 4-diethylaminoazobenzene, and 2,4,6-tricyano-4′-diethylaminoazobenzene. Figure 2 shows the isotropic polarizability for eight representative molecules given in Table 1 . The figure is constructed of eight panels: (a) benzene, (b) azobenzene, (c) 4-aminoazobenzene, (d) 4-cyanoazobenzene, (e) 4,4′-dimethylazobenzene, (f) 4-diethylaminoazobenzene, (g) 4,4′-di-(dimethylamino)azobenzene, and (h) 4-cyano-4′-diethylaminoazobenzene where four of them are in the training set, (a)− (d), whereas the other four are in the validation set, (e)−(h). Because of different excitation energies between benzene and the azo compounds, different scales are used in panel (a) as compared to the other panels.
IV. RESULTS AND DISCUSSION
As seen in Figure 2 (a) and (b) for the benzene and azobenzene molecules, the CT/PDI model and the DFT reference data are in good agreement for both the static polarizability and the position of the absorption peaks. It is crucial for the model to be able to model adequately the difference in excitation energy between an azo bond and an aromatic ring, which is the reason for that the benzene molecule is included in the training set.
In this work, we investigate three different types of substituents in the azo compounds: alkyl, amino, and cyano groups. Alkyl groups are generally known as electron-donors compared to hydrogen, 107 whereas cyano groups are known as moderate electron-accepting substituents by resonance effects. In between, the amino groups are expected to have both electron-donating and accepting characteristics due to the resonance donation of π-electron to the ring and an inductive acceptance of electrons from the ring, respectively. 108 By replacing hydrogen atoms in the azobenzene molecule with electron-donating and/or electron-accepting substituents, electron-donating substituents shift the excitation energy by effectively raising the energy level of the π-orbital, while electron-accepting substituents shift the excitation energy by effectively lowering the level of the π*-orbital. 109 Figure 2(e) shows 4,4′-dimethylazobenzene, Figure 2 (d) and (h) shows cyano substituents, 4-cyanoazobenzene and 4-cyano-4′-diethylaminoazobenzene, respectively, whereas the remaining panels in Figure 2 display representative molecules with amino substituents. As seen in Figure 2 , the excitation energies are reduced by the substitutions demonstrating that the CT/PDI model is in good agreement with the DFT calculations. Considering Figure 2 (e)−(h), the static polarizability and excitation energies are in good agreement with the reference data although they were not included in the training set. Hence, the results illustrate a transferability of the atom-type parameters for the molecules within the validation set. Table 3 presents the static polarizability and the π → π* excitation wavelengths for all molecules in Table 1 . The largest errors of our model are around 23% for the static polarizability and 9% for the π → π* excitation wavelengths as compared to the DFT calculations. The largest errors appear in 2,4,6-tricyano-4′-diethylaminoazobenzene molecule with four substituents including three cyano groups and one alkyl-amino substituent. As seen in Table 3 , the static polarizability increases by adding substituents to azobenzene, in line with results for additive models for the molecular polarizability. 110 4,4′-di(diethylamino)azobenzene has the largest static polarizability and a large π → π* excitation wavelength in both the CT/PDI model and in the DFT calculations, which is attributed to substantial charge-transfer and point-dipole moment contributions in the two alkyl-amino substituents. The experimental data for the π → π* excitation wavelengths given in Table 3 show the same trend as our model and DFT results, although there is a shift compared to experimental data. In the CT/PDI model and in the DFT calculations, we consider molecules in the gas phase while the measured experimental data are in an ethanol solvent. The DFT calculations show a lower excitation wavelength for 3-methylazobenzene as compared to azobenzene, whereas the CT/PDI model shows an increasing wavelength compared to azobenzene in agreement with experiments.
In Figure 3 , the isotropic polarizability as well as its chargetransfer and point-dipole moment contributions are presented for two typical molecules, (a) 3-methylazobenzene and (b) 4,4′-diaminoazobenzene. In Figure 3(a) , the point-dipole term dominates as compared to the charge-transfer portion whereas Figure 3 . Isotropic polarizability. The solid and dashed curves represent the CT/PDI model while the triangles and squares show the DFT reference data. Crosses (×) and pluses (+) exhibit charge-transfer contributions whereas dotted and dash-dotted curves show the contributions of dipole moments. The blue features correspond to the real parts, while the red features correspond to imaginary parts of the polarizability.
in Figure 3 (b) the charge-transfer portion is more significant. For all molecules in Table 1 , the point-dipole contributions mainly determine the frequency-dependent polarizability. Close to absorption, the point-dipole contributions arise mainly from the nitrogen atoms in the azo bond and the adjacent carbon atoms in particular for the azo compounds possessing alkyl, amino, and cyano groups. In the molecules with alkyl-amino substituents, however, the nitrogen atoms of the alkyl-amino groups have the largest point-dipole contributions to the polarizability at the absorption frequency. We also note that all substituents enhance the contribution of the charge-transfer contribution to the polarizability especially alkyl-amino substituents, and that a charge-transfer effect is introduced by the substituents on the phenyl rings giving a shift in the π → π* excitation energy. The shift of the π → π* excitation energy found in this work by substituents is in agreement with previous work on azo compounds. 10, 11, 21, 22, 89, 90 V. CONCLUSIONS We have studied the frequency-dependent polarizability and the π → π* excitation energy of azo compounds using the CT/PDI model. The point-dipole contribution dominates over the charge-transfer term for the molecules included in this study. Close to absorption, the point-dipole contributions of the nitrogen atoms in the azo bond and the adjacent carbon atoms give the main contribution for the frequency-dependent polarizability. Also, our calculations reveal a charge-transfer contribution to the total polarizability due to substituents, where the charge-transfer contributions introduce a shift in the π → π* excitation energy consistent with DFT and experiments. Therefore, it is concluded that the presented model is capable of modeling the frequency-dependent polarizability through the π → π* excitation energy for a set of molecules that we have assumed to be challenging since the excitation wavelength is strongly affected by substituents relatively far away from the excitation which is essentially localized to the azo bond. Finally, many atomistic polarization models in the literature consist of either a charge term or a point polarizability term. These two terms have a different physical behavior and can not be replaced by each other, and in this work the coupling between the two terms is found to be crucial to model excitation energies.
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